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A number of empirically known rules of the 77-electronic stability of conjugated hydrocarbon molecules caused by
their topological structure were analyzed for the first time systematically with the graph-theoretical molecular orbital
theory developed by the author’s group. The main tool in this analysis is the topological index (or Z index) proposed
by the present author for characterizing the topological nature of the structural formula of a hydrocarbon molecule, cou-
pled with the perturbation theory of the Hiickel molecular orbital method proposed by Coulson and Longuet-Higgins. A
mathematical foundation was given to the global quantum-mechanical aspects of 7r-electron behaviors in conjugated sys-
tems and also to the diagrammatic recipe of the classical organic electron theory proposed by Robinson and Ingold.
Through this analysis the specific “How” obtained by quantum chemical calculations is now explained by mathematically

reasonable “Why”.

Thanks to the rapid and deep progress in quantum-chemical
calculations one can now quite easily obtain detailed quantum-
mechanical aspects of static properties and dynamic behaviors
of molecules and molecular assemblies.! The accuracy attained
may vary from case to case depending on the complexity of the
system concerned, and in many cases the calculated results are
in accordance with the experimentally obtained facts. Howev-
er, the more sophisticated the adopted theoretical tools become,
the more difficult it is to extract any causality from the com-
piled results of calculation. Detailed results obtained from
huge and sophisticated ab initio calculation would become just
a record of experimentally observed facts, unless the proper
analysis based on the first principles is supplemented.

On the other hand, if 77-electronic behavior in conjugated hy-
drocarbons is involved, one can scan a wide range with the
crude Hiickel molecular orbital (HMO) theory and can draw
some perspective view of the behavior of electrons in organic
compounds, especially conjugated polyenes and benzenoid
hydrocarbons.p‘ In this sense, analysis of conjugated 77-elec-
tronic systems is the most fundamental problem in the develop-
ment of theoretical chemistry. However, even in HMO method
it is usually quite difficult to explain why such results came out.

In 1971 the present author proposed the “topological index
Z” for characterizing the topological property of the carbon
atom skeletons of saturated hydrocarbon molecules,5 and
showed its potential use in coding and classification of the
structure of organic molecules® and also suggested its graph-
theoretical application.7 After some success in thermodynamic
study in the author’s group,5‘8 the Z index’ was found to have an
unexpectedly good correlation with the conventional HMO

method.""  Then, global understanding of the -electronic
structure of conjugated systems was obtained by combining this
graph-theoretical idea with the perturbation technique devel-
oped by Coulson’s group.lz’13 Further, mathematical proof of
the Hiickel rule was developed to the extended Hiickel rule
for polycyclic systems,12 and some mathematical relations
among HMO method, resonance theory, and graph theory were
established."® This theory was further extended to the electron-
ic structure of infinitely large networks toward graphite.M’19
By using these graph-theoretical techniques, one could clarify
that the m-electronic properties of infinitely large networks
are already imprinted in the topology of the small units.'®
These studies were supported by several new graph-theoretical
techniques developed in the author’s group, such as the opera-
tor technique for systematic derivation of recursion for-
mulas.?*2? Very recently the present author succeeded in es-
tablishing a mathematical foundation for the diagrammatic rec-
ipe of the old organic electron theory proposed by Robinson
and Ingold23_26 by using the graph-theoretical MO method.?’
The aim of the present paper is to unify and reconstruct all
the graph-theoretical molecular orbital theory developed in
the author’s group not only for the static but also for the dynam-
ic behavior of m-electrons in conjugated systems. However,
because of the limits of space, only small molecules are treated
in this paper, where the author has avoided providing detailed
presentations of the theory, but has tried to describe the flow
of logic and the reasons why the calculated results came out.
Then, by the analysis of graph-theoretical molecular orbital
theory the specific “How” obtained by quantum chemical cal-
culation is explained by mathematically acceptable “Why”. To
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write such a paper for conveying the essence of this theory is a
duty of a theorist; similarly it is the duty of the experimentalists
to read this paper and realize the theory.

1. Problems to Be Solved

Let us focus our attention on the static distribution and dy-
namic flow or transfer of 7r-electrons in conjugated systems.
In Fig. 1 are summarized several fundamental rules regarding
the behaviors of sr-electrons in conjugated systems, which a
majority of (organic) chemists are daily using in interpreting
and designing the syntheses and reactions of organic
compounds. A theory in mathematics is constructed or proved
by axioms or more fundamental theories. Of course, no theory
in chemistry has ever been constructed so rigorously as in
mathematics, but it sometimes happens that when some hypoth-
esis is gradually supported by a pile of experimental facts, it
suddenly jumps up to become a theory within the community
of chemists even without any rigorous proof.

The ‘“atomic hypothesis” raised by Dalton, Avogadro,
Cannizzaro, and others has now been established as the atomic
theory or atomic reality owing to the firm development of quan-
tum mechanics and quantitative experiments. However, re-
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Fig. 1. Working hypotheses or general rules for the behav-
ior of 7r-electrons in conjugated systems.
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garding the properties of electrons in molecules a proof for
the widely accepted rules such as those given in Fig. 1 has rare-
ly been documented. Thus, if the society of chemists wants to
insist on its raison d’étre in this modern age among the science
community, those rules or theorems should be given some log-
ical support, if not a complete proof or justification, which can
logically be understood by theorists in other fields of science.
Otherwise chemistry and chemical logic would be isolated in
science as only a community where jargons, ciphers, and weird
logic prevail.

Now let us check the rules in Fig. 1 one by one.

A) Static Distribution of 77-Electrons
Al Polyenic branching (Destabilization (D))

Among the isomeric conjugated alkenes, the branchless lin-
ear polyene is the most stable; with the increase of branching,
stability decreases down to the “comb polyene”.15 This has
empirically been known but not widely recognized.

A2 (4n+ 2)- and (4n)-cyclization (Stabilization (S) and D)

This is widely known as the Hiickel’s (4n + 2)-rule,2 but ac-
tually is misunderstood and overused by a majority of organic
chemists. Hiickel treated only monocyclic conjugated systems.
Correct extension to polycyclic systems will be explained later
in this paper.

A3 Benzenoid kinking (S)

The relative stability of phenanthrene over anthracene has
been explained by the difference in the number of Kekulé
structures. The explanation was polished by Clar with the dif-
ference in the number of resonant “aromatic sextets”.”® Thus
among the isomeric benzenoid hydrocarbons without any hex-
agonal branching, the linear polyacene is the most unstable and
the zigzag one is the most stable.

A4 Benzenoid branching (S)

Among the tetrabenzenoids (tetrahexes), triphenylene is the
most stable due to its “fully benzenoid” character; it is com-
posed of only aromatic sextet hexagons but without any isolat-
ed double bond (according to Clar).28
B) Dynamical Flow or Transfer of 77-Electrons

B1 Resonance effects (Global and Local)

If the terminal carbon atom in a long, conjugated molecule is
substituted by an electron attractive or repulsive atom, global
electron flow is observed, while if the substitution occurs at
an inner site, the electron flow is limited only to the one side
of the 7r-electron system, as in Fig. 1-B1, and sometime just lo-
cal perturbation is attained. Very fortunately the old organic
electron theory can “predict” quite easily the above properties,
but almost no justification of this diagrammatic recipe has been
presented.”’

B2 Cross conjugations (Global and Local)

As seen in Fig. 1, whether the range of perturbation by sub-
stitution to a cross conjugated system is global or local can be
predicted diagrammatically by the site of substitution.

B3 Ortho—para orientation effect

As is well known, the ortho—para orientation for the ionic
substitution of benzene derivatives such as aniline and phenol
is quite easily predicted from the structural formula using the
diagrammatic recipe proposed by Robinson and Ingold. Theo-
retical calculations, from accurate to rough ones, have been
performed extensively for individual cases. In most cases the
obtained results support the organic electron theory, but almost
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no general justification has been reported.

Lewis and Langmuir introduced the octet theory of valen-
cy,30’31 and Robinson and Ingold proposed their organic elec-
tron theory before the birth of quantum theory; thus their theo-
ries are based on some vague assumptions using funny but at-
tractive diagrams. These pioneering chemists, however, did
not know anything about the essential nature of the electron
and its dual property, but their incantation is still charming a
majority of chemists in modern times. Although a physicist
(Hiickel) later succeeded in explaining the extraordinary stabil-
ity of benzene by the so-called HMO method using quantum
mechanics,” his theory is not properly understood by organic
chemists.

As has often been stated in this paper, this situation is not
healthy in the community of chemists who are going to develop
further the modern science based on the accumulated informa-
tion and technique concerning the huge number of chemical
substances.

Before going into the main stream of this paper, a brief com-
ment is necessary on Clar’s “aromatic sextet theory”.”® Al-
though Rules A3 and A4 can be applied only to catacondensed
aromatic hydrocarbons, Clar could extend his theory to the gen-
eral polycyclic aromatic hydrocarbons (PCAHs) including per-
icondensed ones. Though the recipe is quite empirical, he de-
vised a mathematically meaningful recipe for drawing circles
representing the aromatic sextets on the component benzene
rings; by using a few rules, such as A3, A4, and some others,
one can predict the local aromatic character and global stability
of PCAHs quite easily but accurately. However, the majority
of organic chemists are still sticking to the meaningless usage
of circles in hexagons of PCAHs as Robinson proposed. For
example, for representing the carbon atom skeleton of phenan-
threne molecule, Clar’s formula 1 can easily (i) count the num-
ber of m-electrons (2 x 6 4+ 2 = 14), (ii) predict the olefinic
character of the extruding CC bond in the central hexagon,
and (iii) show the global stability of this molecule over anthra-
cene (due to the difference in the number of resonant sextets),
while Robinson’s convention 2 fails to predict any useful infor-
mation on the ground state of benzenoid molecules (Chart 1).
Later in this paper a modern interpretation of Clar’s theory will
be briefly explained.

2. Graph Theory and Hiickel MO

2.1. Graph Theory in Chemistry.”m For chemists the

structural formula is a useful and powerful tool for recognizing
and discussing the structure of chemical substances, especially
of organic compounds. Further, in the cases where no confu-
sion might occur regarding the structure of the compounds
one may reduce the atomic symbol other than hydrogen into

Chart 1.
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a point, or a vertex, and wipe out hydrogens, whose number at-
tached to a heavier atom can automatically be recovered by as-
suming the standard valency number. Then a benzene mole-
cule can simply be reduced to a hexagon with three alternately
arranged double bonds. Further, those double bonds may be de-
leted leaving a hexagon. This diagram is nothing else but what
mathematicians call and use as a hexagonal “graph”.

Note that a hexagonal graph can be derived from the struc-
tural formulas of other compounds, such as cyclohexane, or
cyclohexene. Thus due caution is necessary for the cases where
more than two compounds with the same molecular skeleton
are treated in the same analysis.

In graph theory*® a graph is a mathematical object composed
of V vertices and E edges. Each edge is joined between a pair
of vertices. More than one edge can connect a given pair of ver-
tices, corresponding to a multiple bond in the chemical sense; if
the terminals of an edge are identical, such an edge is called a
loop. A graph without a multiple edge or a loop is called a sim-
ple graph. If a pair of vertices are joined by an edge or edges,
they are adjacent. An edge may or may not have an arrow or
direction (See Fig. 2b). A graph with no directed edge is a
non-directed graph, while a graph with at least one directed
edge is a directed graph. A series of consecutive edges, vi—
Vo—V3...Vm, in which all the vertices are different is a path of
length m — 1. If vy, of this path is joined back to v;, we have
a ring or cycle of length m. A graph without a ring or cycle
is a tree graph, otherwise we call a non-tree graph. If there is
at least one path between any pair of vertices in a given graph,
such a graph is a connected graph.

Chemical reaction networks can also be treated by using di-
rected graphs.*® Fruitful results have been obtained by Fujita
and others*™® on the systematic representation and classifica-
tion of organic reactions in the analysis using graph and group
theories. However, in this paper these topics will not be dis-
cussed.
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Fig. 2. Various examples of graphs used in chemistry.
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Table 1. p(G, k) and Z Values of Path Graphs, or the Carbon
Atom Skeletons of Linear Polyenes or Normal Alkanes

p(G, k)
1 2 3 4 Z

>~
Il
=]

—_— =
—
N =

—
[\S}
W

10 4 21

s

Table 2. p(G,k) and Z Values of Monocyclic Graphs, or the
Carbon Atom Skeletons of Cyclic Polyenes

p(G, k)
N G k=0 1 2 3 4 Zg
2 O 1 2 3
3 A 1 3 4
4 1 4 2 7
5 Q 1 5 5 11
6 <:> 1 6 9 2 18
7 O 1 7 14 7 29
8 O 1 8 20 16 2 47

Three different series of connected non-directed simple
graphs are shown in Tables 1-3. Chemically relevant smaller
graphs have been extensively tabulated with their characteristic
quantities by the group of the author.*’" Table 1 gives the
lower members of the path graphs in graph theory, correspond-
ing to the networks of the carbon atom skeletons of linear poly-
enes or normal alkanes. The p(G, k) number and Z index will
be explained later in detail. Here just note the sequence of Z’s
forming the famous Fibonacci numbers. In Table 2 are given
the p(G, k) numbers and Z indices of monocyclic graphs, or
the carbon atom skeletons of conjugated cyclic polyenes in-
cluding benzene and cyclobutadiene. Here the Lucas series
can be seen. In Table 3 the nine isomers of heptane are depicted
by nine tree graphs with seven vertices.” Note that different
numbers, Zg, from 13 to 21 are assigned to each graph, roughly
reflecting the degree of branching.

ACCOUNTS

Table 3. p(G,k) and Z Values of Heptane Isomers

¢ k=0 Ii(G’k) 2 3 &
L 1 6 6 0 13
s 1 6 7 0 14
1.1 1 6 8 0 15
v—o—{—-—< 1 6 7 2 16
il 1 6 8 2 17

l 1 6 9 2 18
] 1 6 9 3 19

{ 1 6 9 4 20
——e———e 1 6 0 4 21

Before introducing the minimum essentials of graph theory,
let us introduce some historically important encounters of
chemistry and mathematics. At the end of the 19th century,
many chemists and mathematicians rushed into the problem
of counting the number of indistinguishable graphs with a fixed
number of vertices, i.e., the problem of isomer counting, and
many but incomplete papers were published in Berichte and
JACS.>'"> Finally in 1936 a graph theorist Plya was happily
able to gain a new concept, or a strong mathematical tool, the
“counting polynomial”.54 Namely, as hinted at by this chem-
ical problem, the graph theory could make a great advancement
by which one can quite systematically perform the enumeration
of graphs by manipulating this type of polynomial. An impor-
tant branch of permutation group was established in this area of
mathematics. However, the mathematical meaning of isomer
counting has been totally ignored by chemists for more than
thirty years, since in that era, as mentioned before, revolution-
ary new concepts and theories were successively introduced
and taken into the main stream of chemistry. Later in this pa-
per, the usefulness and powerfulness of the counting polyno-
mial will be explained by taking the Z index as an example.

All the methods and theories related to the counting of iso-
mers and Kekulé structures can be attributed to graph theory.
From olden times chemists themselves have thus been accus-
tomed to do mathematical thinking but without knowing its
relevance to mathematics. Now we go back to the main stream
of this paper. The algebraic representation of a graph will be
explained.

2.2. Adjacency Matrix and Characteristic Polynomial in
HMO. For a graph G with N vertices, the adjacency relation
among the component vertices is given by the adjacency ma-
trix, AP Namely, A is defined as an N x N symmetric matrix
with elements a;;

a;j = 1 for an adjacent pair of vertices i and j,
and 0 otherwise. 2.1)

An example is given for a square graph as
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where the four vertices are numbered circularly. Note that this
algebraic representation A is equivalent to a geometrical object,
G, meaning that G can be reproduced uniquely from A, and
vice versa. Since A has the elements of order N2, many at-
tempts have been tried to reduce the number of digits for rep-
resenting G.

The characteristic polynomial Pg(x) of G has been defined
for this purpose as

Ps(x) = (= 1)V det(A — xE)
N
k=0

where E is the N x N unit matrix and x is a scalar. For the case
of a square graph we have Pg(x) = x* — 4x?. Later this polyno-
mial will be used for explaining the instability of cyclo-
butadiene. Although the Pg(x) cannot necessarily distinguish
the topological structure of a graph, it can be used for rough dis-
crimination.

The Pg(x) has been defined in mathematics, but it was found
to be closely related to the Hiickel molecular orbital (HMO)
method for analyzing the 7r-electronic structure of conjugated
hydrocarbon molecules. According to the standard recipe,
the secular determinant A(€) for the 7T-electrons of a molecule
is written down as

(2.3)

A(&) = det{(a — &)E + A}, (2.4)
and the orbital energy € is to be determined to make A(&) zero.

Note that the adjacency matrix appears in Eq. 2.4 owing to
the nearest neighbor approximation in HMO. Then by substi-
tuting

E=u+xB, (2.5)

into Eq. 2.4 one can get the same expression as Eq. 2.3. That is,
solving an HMO determinant is nothing else but finding the ze-
ros or “spectrum” of Pg(x).S 556

Nowadays even a laptop computer can quite rapidly obtain
all the necessary numerical results of HMO calculation for
molecules even with N = 100 or larger. However, in the early
stage of the development of molecular orbital calculations it
was a rather difficult task to expand the determinant of a given
molecular skeleton into the polynomial of x for large molecules
with only N = 10, and there have been proposed a number of
methods for relating the coefficients {a;} of Pg(x) with the to-
pology of the molecule. The reports of incomplete trials by
the groups of Coulson,57 Daudel,58’59 Fukui,60 and others have
been documented.

However, before a useful theory was born, the computer
technology and more sophisticated electronic theories began
to make rapid progress. Although the practical necessity for
the solution to this open question has faded out, its mathemat-
ical importance still does not die out.

In 1972 this problem was rigorously solved by the present
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author by using the theory of Z index.®! After its publication

he was informed by the Zagreb group that already in 1964 a
German mathematician Sachs had obtained a neat expression
for the coefficients {a;} of Pg(x) from a purely graph-theoret-
ical stand point.62’63 Although the Sachs theory is very elegant,
it has a fatal drawback. Namely, since it has no recursion for-
mula, it is almost unpractical to be applied to graphs even a lit-
tle smaller than N = 10. On the other hand, several powerful
recursion formulas in the Z index treatment are available,
where the non-adjacent number p(G, k) plays a central role.

Before presenting the theory of the Z index another line of
approach to the facile and systematic derivation of Pg(x) should
be introduced here. In the cradle age of HMO theory, the
pairing theorem for alternant hydrocarbons by Coulson
and Rushbrooke® and the use of recursion formulas by
Heilbronner® were very helpful for the researchers in this
field. However, triggered by the papers published in early
1970’s by the present author™®! and by the Zagreb group,63 a
number of interesting theories have been found and many
useful techniques have been proposed by many groups of
researchers. For example, they include: the transfer matrix
method, ¢ symmetrical decomposition of graphs,”’ﬁ&69
pruning technique,70 symmetry blocking method,”" etc.

In this area the author’s group also proposed several new
methods, such as Chebyshev expansion method;"? operator
technique for efficient derivation of complicated simultaneous
recursion relations;**” factorization technique using the topo-
logical symmetry of highly symmetrical graphs, such as fuller-
enes;”*"” another transfer matrix method for generating the Z-
counting polynomial, Qg(x) (vide infra), and Pg(x) of catacon-
densed benzenoid hydrocarbons;” the use of edge-weighted
graphs for transforming Pg(x) to the matching polynomial,
Mg(x) (vide infra), of polycyclic graphs;w’80 etc. Although
these topics cannot be explained in this paper, they are poten-
tially relevant to the discussion of the main theme of this paper.

2.3. Topological Index.” The Z index Zg for graph G is
defined in three steps.5 First, define the non-adjacent number,
p(G, k), as the number of ways for choosing k disjoint edges
from G, with p(G,0) being unity for any graph. Then define
the Z-counting polynomial, Qg(x), by using the set of p(G, k)
as follows:

Qs =) _ p(G, k), (2.6)
k=0

where m is the maximum number of k = [N/2] for G with N
vertices. Finally the Z index is defined as the sum of all the
p(G,k)’s for G, or

Zg =Y p(G,k) = Qg(1).

k=0

2.7)

In Qg(x) the variable x just holds the number k and has no
physico-chemical meaning, but counting polynomials like
Eq. 2.6 are very useful and powerful tools for performing
graph-theoretical enumeration and analysis.gl It is to be noted
here that the matching polynomial82 (or acyclic,83 or reference
polynomia184), Mg (x), which was later proposed, has the same
mathematical content as Qg(x), since it is defined in terms of
p(G, k) and can simply be transformed into Qg(x). Namely,
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Fig. 3. Enumeration of the p(G, k), Qg(x), and Zg of a hex-
agonal graph.

Mg(x) = Y (=1 p(G, k)"
k=0 (2.8)

1
=20q(- )

Figure 3 illustrates how to obtain the p(G, k), Qg(x), and Z
values with the hexagonal graph as an example. Note that
p(G, m) is the number of Kekul€ structures, or perfect matching
number for the cases with an even number of N.

The Z indices for several series of graphs are found to be re-
lated to important series of numbers. Namely, the Z values of
alkanes (or alkenes), or path graphs, form the family of the fa-
mous Fibonacci numbers (1, 2, 3, 5, etc, see Table 1), while
those of cyclic alkanes (or alkenes) or monocyclic graphs are
Lucas numbers (1, 3, 4, 7, etc, see Table 2).5% Although it
is not contained in Table 1, p(G,0) and Zg of the vacant graph
with no vertex and edge are both defined as unity. Both series
of numbers in Tables 1 and 2 are characterized by the common
recursion relation as

Fy =Fy_1 + Fy_. (2.9

Further similar recursion relations were found among the
components of Z’s. Namely, if the Qg(x) of either linear or
monocyclic graphs with N vertices is denoted by Qy(x), then
the following relation holds:

Qv(x) = Qu—1(®) + xQy_2(x).

This recursion relation comes from that for the p(G, k) num-
bers as illustrated in Fig. 4. Recall that the p(G, k) number is
the number of ways for choosing k disjoint edges from graph
G. This number is the sum of the two sets of counting, the
one including a given edge / and the other excluding /. The for-
mer number can be obtained by choosing k — 1 edges from
such a subgraph of G that is obtained by deleting edge / togeth-
er with all the edges incident to /. Let us denote this subgraph
as G & 1. The latter number is the contribution from graph

(2.10)
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pGk) = pG-Lk + p(GOLkI)
Q) = Qc_i(® + xQgei()
Ze = Zg_, Zgel
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Fig. 4. Inclusion—exclusion principle and the recursion for-
mulas for p(G, k), Qg(x), Zg, and Mg(x).

G — [, which is obtained just by deleting edge / from G but
leaving its terminal vertices. Then we have the following re-
cursion formula for p(G, k) as

(G, k)= p(G—1k + p(GoLk—1). @2.11)

By accumulating Eq. 2.11 for a given graph one obtains the re-
cursion formula, 2.10, of Qg(x). If one puts x = 1 in Eq. 2.10
the recursion formula of Zg is obtained as

Zc = Zg-1 + Zgear- (2.12)

Similarly the recursion formula for the matching polynomial is
obtained,

Ma(x) = Mg_i(x) — Mgei(x). (2.13)

This idea comes from the “inclusion—exclusion pr1n01ple”,8

which is one of the main principles frequently used in the enu-
meration problems in discrete mathematics, such as graph theo-
ry and combinatorics.

By using these recursion formulas one can obtain quite easily
these characteristic quantities for large graphs. Two examples
for obtaining the Z values of slightly complicated graphs are il-
lustrated in Fig. 5. Mastering this technique together with the
Fibonacci numbers as given in Table 1 will be very helpful in
following the discussion of this paper. Several groups of re-
searchers developed efficient and fast algorithms for obtaining
the p(G, k).gg’89 It is to be noted here, however, that the recur-
sion formula for Pg(x) is not so simple for polycyclic graphs
where the decomposition of a graph is executed at an edge con-
tained in a ring.20’65

Although the Z index does not uniquely determine the graph
in general, for smaller graphs it can almost differentiate the iso-
meric difference. See Table 3, where the nine isomers of hep-
tanes are nicely assigned by different Z values from 13 to 21
almost in parallel with the boiling points.s’8 As has been stated
before the Z index was originally proposed for analyzing the
topological dependency of the thermodynamic properties of al-
kane isomers. However, since this paper is solely devoted to
the quantum chemical relevance of the Z index in 7-electronic
systems, the interested readers are asked to refer to a series of
paperss (gr;otggrmodynamic features and QSAR aspects of the Z
index.”™""
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Fig. 5. Two examples of obtaining the Z values of large graphs.

Scrutinization of Table 3 would soon reveal the effect of
branching on the p(G,2) and p(G,3).5 That is,

(i) A mono-branching (bearing a Y-vertex) decreases
p(G,2) by 1, while a di-branching (bearing an X-vertex)
decreases p(G,2) by 3.

(ii) Both types of branchings surely decrease p(G, 3) butin a
more complicated way.

As a result we have a theorem,

[Theorem 1] Among the isomer graphs, the value of Zg of the
branchless graph (path graph) is the largest, and branching al-
ways decreases the Zg value.

Later, through the relation between E; and logZg (See
Eq. 4.5) Rule A1 can be proved.

2.4. Relation between Qy(x) and Pg(x). This section will
explain how the coefficients of Pg(x) can be obtained from the
manipulation of p(G, k) numbers of G without expanding the
secular determinant. For tree graphs, or for acyclic hydrocar-
bon molecules, a strikingly simple relation was found as fol-
lows.

[Theorem 2] The characteristic polynomial of a tree graph can
be obtained from the counting of p(G, k) numbers as
Po(x) = > (=1p(G,lx"* (G € tree),

k=0

(2.14)

where m is the maximum number of &, or [N/2].

In other words, the absolute values of all the corresponding
coefficients of Qy(x) and Pg(x) of a tree graph are equal, or
the characteristic and matching polynomials 2.8 of a tree graph
are identical:

Pg(x) = Mg(x) (G € tree). (2.15)

It is rather difficult to prove this relation in a purely mathemat-
ical manner. However, if one decomposes the determinant into
a polynomial iteratively term-by-term one can realize that
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Table 4. p(G, k), Zg, and E; for the Four Isomers of Octa-
tetraene

p(G, k)

G k=0 1 2 3 4 Zo E
PN 1 7 15 10 1 34 95175

~ 1 7 14 9 1 32 94459
P :

1 7 14 8 1 31 94093

X = =
)—( 1 7 13 7 1 29 93317

Eq. 2.14 is equal to Eq. 2.3 for any tree graph.

Recall that the path graphs in Table 1 represent the carbon
atom skeletons of linear polyenes beginning from methyl radi-
cal (N = 1) and extending to infinitely large polyacetylenes.
As stated before, the Z indices of this series of graphs form
the Fibonacci numbers, {F,}, and a number of mathematically
interesting relations have been found for them.

For example, the characteristic polynomial of a path graph
with N vertices can be expressed as’

m N—k
P (x) = Z(—l)k( )#Hk,
k=0 k

N—k\ -k
k kNN =2k

We have already seen in Table 3 (N = 7) that each of the co-
efficients 2.17 of the path graph for k > 2 decreases with
branching. Another example is shown in Table 4 for the four
isomers of octatetraene, where Pg(x) (or set of p(G,k)), Zg,
and E; are given. Ey is the total 7-electron energy, to be ex-
plained later in this paper (See Eq. 3.11). Again a systematic
change of the values of p(G,2) and p(G,3) are observed.
Moreover, in this case a good linear correlation between E
and Zg is found. Later, through a more analytical relation be-
tween E; and Zg, 4.5, Rule Al can be proved.

The monocyclic graphs given in Table 2 are the most simple
cyclic graphs, corresponding to cyclopropenyl radical, cyclo-
butadiene, cyclopentadienyl radical, benzene, etc., for which
Hiickel calculated the “HMO” by solving their Pg(x) and de-
rived the famous (4n + 2)-rule.

If one formally applies Eq. 2.14 to them and compares the
result with the correct Pg(x), an interesting relation can be
observed. Namely, as in Table 5 the Pg(x)’s of monocyclic
graphs can be expressed as the sum of the contribution from
Eq. 2.14 and a small but common correction term of —2.

This result can be expressed in the following formula:

(2.16)

(2.17)

m

Po(x) = Y (—=1)p(G, kx> —2
k=0

(G € monocyclic graph), (2.18)

or
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Table 5. Decomposition of the Characteristic Polynomial
(Pg(x)) of Monocyclic Graphs into the Matching Polyno-
mial (M) and the Correction Term (C) Pg(x) =M + C

N G M c
3 A x> —3x -2
4 X —dx? 42 -2
5 Q X —5x + 5x -2
6 <:> X0 — 6x* +9x% — 2 -2
7 O X — 7% + 143 — Tx -2
8 O x® — 8x0 4200 — 1682 +2 -2

Pg(x) = Mg(x) — 2

(G € monocyclic graph). (2.19)

This is the secret of the Hiickel rule. Namely, by extending
Tables 2 and 5 down to higher members one may easily deduce
that for 4n-membered rings the constant term of the Pg(x) is al-
ways zero (= 2 — 2), while for (4n 4 2)-membered rings the
last term comes to be —4 (= —2 — 2). Then the former group
would have doubly degenerate NBMOs, while the HOMO-
LUMO gap of the latter group would become large.

It is to be noted here that this discussion, as Hiickel did, is
limited solely to the monocyclic graphs; he derived his
(4n + 2)-rule just from the calculated results of the distribution
of the eigenvalues of these graphs but gave no indication of the
cause of the results.

[Theorem 3] The 7r-electronic stabilization and destabilization
caused by (4n + 2)- and (4n)-membered rings, respectively,
can be attributed to the opposite trends of the ring contributions
to the constant term of Pg(x) of monocyclic graphs (Rule A2).

For discussing the effect of more than two rings in a conju-
gated system, one needs to have the full expression of Pg(x) in
terms of the p(G, k) numbers, which was obtained by the pres-
ent author in 1972.%!

[Theorem 4] The characteristic polynomial of a polycyclic
graph G is expressed in terms of the p(G, k) numbers of G
and its subgraphs as

Po(x) = i(—l)kp(G, SV
k=0

Ring m,

+(=2) ) D (=D pG O R, kN

r k=0

Ring m,;

+ (_2)2 Z Z(_l)k+il,r+n,‘

r>s k=0
x p(G 6 R, & Ry, k)xN =2k
+... (2.20)

The first line is the matching polynomial Mg(x) with no ring
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contribution, and the second line counts the contribution from
the isolated rings, R,’s, where G & R, is the subgraph of G ob-
tained by deleting ring R, together with all the edges incident to
R,. The third line is the contribution from the pairs of disjoint
rings, R, and Ry, composed, respectively, of n, and ny vertices,
and so on. Note that these additional terms have essentially the
same mathematical form as the matching polynomial, or
Eq. 2.8. Itis easily seen that the relations 2.14 and 2.18 are con-
tained in Eq. 2.20. In the latter case, since there is only one N-
membered ring, the graph G © R becomes vacant, making the
contribution from the double summation in the second line uni-
ty.

The reason why the present author succeeded in getting this
general expression might be the lucky start from the simplest
tree graphs and their isomers as in Table 3. In the later discus-
sion, expression (2.20) will be the basis for the extended Hiickel
rule of aromaticity applied to polycyclic conjugated systems.

2.5. Modified Z Index for Non-Tree Graphs. The discus-
sion on Pg(x) can be converted into the simpler index Zg. First
consider non-tree bipartite graphs, whose 7r-electronic energy
is determined by Pg(x) but not by Mg(x). Then define the
modified Z index, Zg, as

Zc = Z(—l)kdzk,
=0

and the aromaticity index AZg as the difference between Zg
and ZG:12

AZg = Zs — Za,

2.21)

(2.22)

corresponding to the contribution from the second and follow-
ing lines in Eq. 2.20. Positive and negative values of AZg, re-
spectively, indicate aromatic and anti-aromatic character of the
mr-electronic conjugated system G.

We have seen in the above discussion that the value of AZg
(i) for tree graphs is always zero, while (ii) for (4n + 2)-mem-
bered monocyclic graph it is +2, and (iii) for (4n)-membered
monocyclic graph it is —2. The definition of Eq. 2.21 was de-
liberately chosen, because for polycyclic graphs with more than
two (4n)-membered rings there often arises a case in which the
sign of Pg(x) does not alternate.

Aihara defines his topological resonance energy as the differ-
ence between the eigenvalue sums of Pg(x) and Mg(x); he has
performed extensive studies on the aromaticity of a variety of
conjugated hydrocarbon molecules and ions.** The numerical
values of his analysis are naturally in parallel with what one can
obtain by the aromaticity index.

Table 6 compares Qg(x), Pg(x), Zg, Zg, and AZg of anthra-
cene, 3, and phenanthrene, 1.*° In both the polynomials, all the
coefficients of 1 below the fourth term are larger than the cor-
responding values of 3, causing rather big differences in both
Zc and Zg. The difference in the number of the Kekulé struc-
tures (See Fig. 6) appears not only in the last term of Qg(x), but
also in the constant term of Pg(x). Further, note that the abso-
lute value of the constant term of Pg(x) for these two isomers is

just the square of K (G), %% or
PG(0)] = (K(G))*. (2.23)

Although it is not explained in detail here, very beautiful
mathematical relations are found in the set of the Kekulé struc-
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Table 6. Qg(x), Pg(x), Zg, Za, and AZg of Anthracene, 3,

and Phenanthrene, 1
QLIgs @

Q) =14 16x + 98x2

+290x3 +291x3
+429x* +435x*
+294x° +305x°
+76x° +82x°
+4x7 +5x7

1208 = Zg = 1233

Pg(x) = x'* — 16x!2 4 98x!°

—296x% —297x8
+473x° +479x°
—392x* —407x*
+148x2 +166x2
—16 -25

1440 < Zg = 1489
232 < AZg = 256

tures of PCAHs. By using them one can give the empirically
derived Clars aromatic sextet theory a reasonable mathematical
foundation.”**®  This theory is not directly connected to the
graph-theoretical MO theory, but is another important facet
of the application of graph theory by extensive use of the sextet
polynomial, one of the counting polynomials proposed by the
author’s group.81

Formal application of graph-theoretical MO method does not
usually yield a good result for conjugated systems containing a
four-membered ring. However, Table 7 suggests some implica-
tions for the correlation between the topology of a graph and its
7r-electronic stability, where three conjugated hydrocarbons 4—
6 with six carbon atoms are compared.12 In this case the Z in-
dex cannot tell any useful information on the relative stability
of these compounds, while the Z values of all these three com-
pounds are the same. However, if one takes a closer look at the
distribution of the relative values of the coefficients, their rela-
tive stability can be detected. Namely, since only 6 has
NBMOs, it is the least stable. The reasons why the constant
term of Pi(x) vanishes can clearly be traced from the decompo-
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4 = KG) = 5

Fig. 6. Kekulé structures of 1 and 3.

sition of Pg(x) into Mg(x) and the ring correction term.

Both the coefficient, p(G, 1), of the term x in Qg(x) and the
absolute value of the coefficient of the term xV~2 in Pg(x) are
the number of edges in G. Then, by comparing the coefficients
of the term x* in Pg(x) for 4 and 5, both with the same 7, one
can infer that 4 is more stable than 5. Although the aromaticity
index AZg of 4 is negative, the effect is not so large as to wipe
out the constant term. The difference between the destabiliza-
tion caused by the introduction of a tetragon can be attributed to
the Z index of the subgraph G © R (See Eq. 2.20). The relative
magnitudes of E; of 4-6 given in Table 7 are just as expected
from the above discussion.

For non-alternant systems, extensive analyses have been per-
formed; it was found that, although non-zero ay;;; terms arise
between ay’s, their effect on the eigenvalue distribution is usu-
ally small, giving subtle perturbations to the stability of the 77-
electronic system.

3. Coulson’s Perturbation Theory

3.1. Formalism of Hiickel Molecular Orbital Method.
Now let us recall several necessary formulas of HMO method
for enhancing the discussion. Most of the important parts of
the mathematical structure of HMO theory were constructed
by Coulson’s group by use of perturbation technique and con-
tour integrals over the complex plane.99
(LCAOMO)

AO
G, = CuX, 3.1)

Table 7. Pg(x), Zg, Zg, AZg, and E; of Three Conjugated Systems with Six Carbon

Atoms
Pg ()= 5
G Mg(x) + cor. term Za Za AZg Ex

X -6t 4+5x2 -1

4 = -6t +7%—1 15 13 -2 7.2078

—2x%
/NN 5 ©-sitted-1 1313 0 69878

X8 = 6x* + 622

6 =x"—-6x*+87-2 17 13 -4 6.6026

22— 1)
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(Orbital energy)

En = (@,|hlep,) (3.2)
(Total rr-electron energy)
occ
Er=2) ¢, (3.3)
n=1
AO BOND
= ZQrar +2 Z prSIBrS (34)
r=1 r<s
(Coulson bond order)
occ
PE; =2 Z CurCs 3.5)
n=1
1 0E,
__ T 3.6
298, G0
(7r-Electron density)
occ
=2 C, (3.7)
n=1
oE
= 3.8
o, (3.8)
(Atom-atom polarizability)
g,  0qs
Tpy = ot = (3.9)
o, 0o,
(Bond-bond polarizability)
aps 1 PE
Moot = 20 = - (3.10)

8ﬂtu B 2 8ﬁrx818m

The summations over MOs are to be taken for the occupied
orbitals (OCC). Among the set of these formulas the most im-
portant one is Eq. 3.4, which is obtained by using the definitions
of bond order 3.5 and electron density 3.7 both obtained from
the LCAOMO coefficients. Note that the total 7r-electron ener-
gy, which is a global information obtained from the molecular
orbitals, can be expressed in terms of the local atomic and bond
contributions.

By use of transformation 2.5 the energy expression of € can
be changed into that of dimensionless x. Since for hydrocar-
bons all the «,s are set equal to «, the total 77-electron energy
is reduced to a simpler form as

OCC BOND

E7T=22Xn=2 Z Prs-
n=1

r<s

(3.11)

Partial differentiations of Eq. 3.4 with respect to §,, and o,
respectively, give Egs. 3.6 and 3.8, whose physical meanings
are as follows. Namely, the effect of forming a new bond be-
tween a pair of atoms on the 77-electronic energy of a conjugat-
ed system can be estimated from the potential bond order be-
tween that pair of disjoint atoms, while the 7r-electron energy
change upon substitution of a hetero atom can be estimated
from the charge density on that atom.

Further, one can elaborate on this analysis by extending to
the second order with respect to §,, and «,. Namely, two types
of polarizabilities were defined as Egs. 3.9 and 3.10, which are
useful for analyzing the static and dynamic behavior of 7-elec-
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trons in conjugated systems as in the following section.”

3.2. Coulson’s Perturbation Theory. By using these
quantities one can estimate quite accurately the change of 7-
electron densities and total 77-electron energy caused by the
perturbation of the atomic charge density d, on atom r and
of the bond order §8,, on bond rs.

8qs = 15,00, (3.12)
S = 4,000, + 3 7, (00, (3.13)
Sptu - nm,rséﬁm (314)
OE; = 2pr35/3rs + nrs,rs(aﬂm)z (3.15)

The numerical values of various polarizabilities, 7, ; and
Ty, can be obtained by the standard method.>* It is to be re-
membered here that the atom—atom polarizability 77, ; measures
the charge density change on atom r (or s) caused by the pertur-
bation on atom s (or r), whereas the bond—bond polarizability
Ty Measures the bond order change in bond rs (or fu) caused
by the perturbation in bond tu (or rs). By using these quantities
one can calculate rather accurate values of the r-electronic
change caused by the formation of a new bond and hetero-atom
substitution only from the coefficients of the molecular orbitals
of the parent hydrocarbon molecule.?’

Some mathematical background is necessary for the correct
understanding of Coulson’s perturbation theory, especially in
its integral manipulation over the complex plane. Detailed dis-
cussi](;nls3 can be referred to the original papers by the present au-
thor. ™

4. Graph-Theoretical Molecular Orbital Theory

4.1. Topological Bond Order. As mentioned before, the Z
index was originally introduced for analyzing the topological
features of thermodynamic properties of saturated hydro-
carbons.” However, it was soon found that its formal applica-
tion to Hiickel molecular orbital theory yields unexpectedly ex-
cellent results.'” The first finding was the topological bond or-
der, pIT, which is defined for bond [ in terms of the Z index as
follows:

pl = Zoel,
Zg

where Zgg, is the Z index for the subgraph G © [ obtained from
G by deleting bond [ together with all the bonds incident to /.
Although bond / is not included in G & [, Zgg, gives the contri-
bution of bond / in counting the p(G, k) numbers and Zg (See
Fig. 4). When the topological bond order, plT, for polyenes
(N < 10, excluding radicals and ethylene) is plotted against
the conventional bond order, or Coulson bond order,

4.1)

OoCC
Ph=2) CuCu,

n=1

(3.5)

a pair of parallel straight lines were obtained as shown in Fig. 7,
corresponding to the single and double bonds in the Kekulé
structures. Their correlation coefficients are as high as 0.998
for 43 single bonds and 0.997 for 58 double bonds. The bond
order plots for radicals are found to lie in between the two
straight lines."!
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If the bond orders of the bonds in a given polyene molecule
are to be compared, one only needs to enumerate the Z indices
for the respective subgraphs, G & I’s as exemplified in Fig. 8
with a branched decapentaene treated in Fig. 5. In this case al-
so, almost perfect linear correlation is attained within single
and double bonds assigned by the conventional structural
formula. It is to be noted that, if one masters the recursion for-
mula exemplified in Figs. 4 and 5, these indices can be obtained
even with mental arithmetic and one can estimate the relative
magnitudes of their bond orders quite accurately!

This correlation study was extended to polycyclic hydrocar-
bon molecules including non-alternant hydrocarbons, and it
was found that the relative magnitude of the Coulson bond or-
der can well be approximated by the topological bond order plT
by adding a small contribution of the Pauling bond order, p}’, as

PS=ApF +cph) O<e<kl), (=79 4.2)
where pf is defined as
KGol)
Pl =—— 4.3)
K(G)

This is not the original definition given by Pauling,100 who used
long sentences in defining p}). However, by using the notation,
G © [, proposed by the present author'® the definition and its
meaning become clearer, as seen in the mathematically analog-
ical forms of Eqgs. 4.1 and 4.3.

Suppose a molecule has K(G) Kekulé structures, among
which several have a double bond in the specific bond /. This
number is equal to the Kekulé number for the graph G & 1, as
deduced from the discussion used in explaining Fig. 4. Then
the Pauling bond order, a measure of the relative weight of
the specific bond / with respect to the Kekulé structures, is giv-
en in the form of Eq. 4.3.

For polyenes the p}’ is respectively one and zero for double
and single bonds. Then the two-straight-line plot in Fig. 7 can
be approximated by a single formula of Eq. 4.2 with ¢ about
0.15. For polycyclic aromatic hydrocarbons the value of ¢
was not so much different from the case of polyenes. The em-

T
P
Fig. 7. Relation between the topological bond order P] and
the Coulson bond order PrCS for (a) single and (b) double
bonds of lower members of conjugated acyclic polyenes
up to decapentaene.
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Fig. 8. Correlation between the Coulson bond order and the
Z index of G & [ for a branched decapentaene (See Fig. 5).

pirically derived relation 4.2 among the three bond orders, pfs,
pr, and pf, is thus very impressive, suggesting some deeply
hidden mathematics. Remember that pC is derived from
HMO, p}) is defined in the resonance theory, or valence bond
method, and p}r comes from a new world. Before decipherment
of this problem, another interesting bond order which is related
to the three bond orders will be explained.

Ham and Ruedenberg defined a bond order by using the
LCAO coefficients and the eigenvalue, x, as'o!

€ € Cs

HR __
prs - 2
xll

(4.4)

n=1
They proved that for PCAHs this bond order is equal to the
Pauling bond order.'” This is quite an important mathematical
relation, revealing that the HMO and resonance theory are
closely connected with each other through some deep mathe-
matical theory. We are not going into detailed discussions on
this problem, but would like to point out that the Z index is re-
lated to the Kekulé number through the last entry of the p(G, k)
numbers. Namely, for a graph with an even number of vertices,
the p(G, m) is equal to the Kekulé number by definition, where
m is the maximum number for k. Also recall the discussion in
Fig. 6.

4.2. Topological -Electron Energy. Encouraged by the
success of the topological bond order, we tried to correlate the
total 7r-electron energy, Er, with the logarithm of the Z index.
As shown in Fig. 9 again almost perfect correlation was found
for the 19 polyenes up to decapentaenes. In this case ethylene
is included.'?

If the relative stability of isomeric polyenes are to be com-
pared it is not necessary to take the logarithm of the Z index.
For example, Fig. 10 shows the almost perfect correlation be-
tween the Z index and E; for the eleven isomers of decapen-
taene.

Again these Z indices can be obtained by mental arithmetic.
These facts suggest that we define the topological 7-electron
energy as follows:

E; =logZs (for polyene). 4.5)

Among isomers without taking the logarithm the Z index itself
can be used as a measure of E.
These correlations were studied also for PCAHs and non-al-
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logZ,

Fig. 9. Correlation between the Zg and E of polyenes up to
decapentaenes.
ETC

Fig. 10. Correlation between the Zg and E; of decapen-
taene isomers.

ternant hydrocarbons. For the former group of compounds,
fairly good correlation was obtained as in Fig. 11, where the
plots of the E; values against the log Zg for 77 PCAHs up to
hexabenzenoids lie approximately on a straight line.*’

In this class of compounds those with the same number of
rings and carbon atoms are isomers with each other. Then
the Zg—E5 plots are much improved in the isomer plots.

However, these good correlations are fortuitous, because for
PCAHSs the E; should be correlated to Zg rather than to Zg
which does not take into account the ring contribution. Actual-
ly the correlation as shown in Fig. 11 is a little improved if the
abscissa is changed into Zg. This fact is caused by the high cor-
relation coefficient (~0.98) between Zg and Zg of PCAH for
each group of isomers.

There must thus exist some logical explanation for the excel-
lent correlation obtained for the topological bond order, p!, and
the total sr-electron energy, E; both with the corresponding
HMO quantities. The crucial key was found to be hidden in
the Coulson perturbation theory.

4.3. Analysis of the Relations among the Three Bond
Orders.”” Here the main flow of the analysis will be intro-
duced briefly. Consider the determinant A(x) giving the char-
acteristic polynomial
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36,
640000 660000 680000 700000 720000 740000

Zg

Fig. 11. Correlation between the Zg and E; of polycyclic
aromatic hydrocarbons.

A =0 1 —x = Po(x), (4.6)

—X

and its adjunct A, ;(x) for a pair of atoms, r and s, obtained by
deleting row r and column s as

—x 1
—X
A ) = (=1 4.7
r
T =
By differentiating A(x) with respect to x one gets A’(x).
A'(x) = Pg(x) = dPg(x)/dx (4.8)

According to Coulson and Longuet-Higgins® the Coulson
bond order can be expressed in terms of these determinants as

TS A, (x)

C—_
=22 N

n=1

4.9)

The adjunct 4.7 is expressed as the sum of the characteristic
polynomials of a set of subgraphs of G as
R;DI
Api(x) = —Poei(x) = Y Pger,(¥) (1=79),  (4.10)
where R; runs over all the rings containing bond /. Since a tree
graph has no ring, Eq. 4.10 is reduced to a simpler form as

A, 5(x) = —Pgei(x) (G € tree). 4.11)

By combining Eqgs. 4.9 and 4.10, one can express the Coul-
son bond order in terms of the characteristic polynomial of G
and the set of its subgraphs as

R;DI
oce PaerCin) + ) _Paer, (%)
C i
pS=2 (4.12)
! ; P (x,)



H. Hosoya

1y

XN

Fig. 12. The path y of contour integration of the F function
over the complex plane.

For a tree graph we have

S Pgei(x, n)
P :22 P’j( D

Following the procedure developed by Coulson and
Longuet-Higgins to convert p,c into an expression of a complex
integral, we have

(G € tree). (4.13)

n=

cC_ _ rs(z)

br= e
(4.14)

1 /m A, (i)

) Poliy)

where the path of integration ) is the imaginary axis from ooi to
—ooi and the infinite semicircle to the right of the imaginary or
y axis (See Fig. 12), and the integral over the latter part vanishes
owing to the fact that the integrand is of the order z72.

Let us denote the integrand in the second line of Eq. 4.14 as

Ars(iy)
PG (iy)

which will play an important role in the following discussion.
Now the Coulson bond order is expressed as

Fou(y) = (4.15)

1 00
C __
pr = E/ Fg(y)dy.

—00

(4.16)

For an alternant hydrocarbon AH without any NBMO, p€ is re-
duced to
2 00
Py = - fo F )dy (G € AH). 4.17)
Then try to find the graphical meaning of the starting point of
Fg(y), or Fg;(0). For tree graphs the denominator and numer-
ator, respectively, become Pg(0)= p(G,m)= K(G) and
PGei(0) = p(G & 1,m) = K(G ©1). Then we have a novel re-
lation:

Fg.(0) = p, (4.18)

Bull. Chem. Soc. Jpn., 76, No. 12 (2003) 2245

For polycyclic compounds, analysis is not so simple, but at
least for those without a (4n)-membered ring Eq. 4.18 is also
shown to hold. In this case it is easier to prove the following
relation:

Fg,0) = pi'®,

by the use of complex integrals. Now through the equality be-
tween p}) and p}{R, Eq. 4.18 is valid for almost all the networks
except for “poly-(4n)-ring” systems.

The next problem is to find some connection between
the Fg,(y) and pf. Again for tree graphs the analysis is
straightforward. Namely, from Eq. 2.14 the following two re-
lations can be obtained:

(4.19)

Ps(i) = i" Zg, (4.20)
and
Poei(i) = —i" Zger. 4.21)
Then by putting them into Eq. 4.15 we have
F,,(1) = p]. (4.22)

Although the ring contribution to Pg(x) in Eq. 2.20 gives mi-
nor effect to the F function, extensive analysis ensures that the
relation 4.22 approximately holds for most cyclic conjugated
hydrocarbons without (4n)-membered ring or rings.

Now for tree graphs, the starting point of the F function is pf
and it takes the value of pl at y = 1, and the area under its
whole curve from y = 0 to infinity gives p,C. These novel prop-
erties of the F function are shown in Fig. 13 with the three
bonds in hexatriene as examples.

Although the starting point of the F function may differ from
bond to bond, the shape of the curve F is found to be very
smooth as in Fig. 13. Then the area under the curve F can
be approximated as the sum of the two parts, the one between
y=0and y = 1 and the other between y = 1 and y = co. The
rough shape of the former is either a trapezoid or triangle, but in
either case its area is a function of (pF + pJ)/2. On the other
hand, the area of the latter part is expressed as p; only. Then
the whole area, proportional to plc, is a linear function of both
p}) and plT, but the weight of the latter is much larger than that
of the former, as in Eq. 4.2. Now we have

/pr‘}

i . . : -y

1 2 3 4 S

Fig. 13. The relation among the three bond orders with re-
spect to the F(y) curves for the three bonds of hexatriene.



2246 Bull. Chem. Soc. Jpn., 76, No. 12 (2003)

[Theorem 4] The Coulson bond order of conjugated hydrocar-
bons can be estimated well by the topological bond order, p;.

4.4. Analysis of the Topological m-Electron Energy.'
[Theorem 5] That the topological 7-electron energy, either in
the form of 4.5 or

El =logZs (for PCAHS), (4.23)
gives a rough estimate of £ can also be proved mathematically
by using the contour integral over the complex plane.

This time the key equation is as follows:

= l {ZP,G(Z) —N}dZ

mi [, | Po(2)
_ l/oo {N_ lyPe'(ly)}d )
TJ - PG(ly)

where the contour y is the same as in Fig. 12. In this analysis
we had better exclude the following three types of conjugated
systems:

(i) molecule whose HOMO is anti-bonding,

(ii)) molecule whose LUMO is bonding,

(ii1) molecule with an NBMO or NBMOs,
as in the case of the analysis of the topological bond order.
Those ill-behaved molecules usually have two or more (4n)-
membered rings or belong to unstable non-alternant molecules
like 7 and 8 (Chart 2).

Actually 7 has never been synthesized and 8 is described as a
very unstable compound,103 while the following nonbenzenoid
aromatic hydrocarbons have been synthesized as rather stable
molecules'*1% 9 and 10 (Chart 3).

Then let us solve this problem. Why are 7 and 8 unstable,
whereas 9 and 10 are stable?

Equation 4.25 tells us that whether the total 77-electronic en-
ergy of a conjugated system is large or small should be attrib-
uted to the set of the coefficients of the characteristic polyno-
mial Pg(x) and, accordingly through the set of the p(G, k) num-
bers of the system G together with those of the subgraphs
G © R’s obtained by deleting a ring and pair of disjoint rings,
and so on, which is implied in Eq. 2.20.

The result of this analysis is obtained as the extended Hiickel
rule."

[Theorem 6] The extended Hiickel rule for the aromaticity of
polycyclic aromatic hydrocarbons can be written down symbol-
ically as follows:

1 O=C

(4.24)

Chart 2.
9 10
Chart 3.
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n=4k+2

+.... (4.25)

The AZg is the aromaticity index 2.21, whose positive contri-
bution gives extra stability caused by a ring or a set of disjoint
rings. This equation shows two important factors governing the
sr-electron stability of a ring network, namely, the value of the
Z index of subgraph G © R and the sign given to each term.
The first two lines give the well-known Hiickel rule. Namely,
a (4n + 2)-membered ring stabilizes and a (4n)-membered ring
destabilizes the 7r-electronic conjugated system. The third line
tells us that a pair of disjoint rings with a total of 4n vertices
stabilizes, while the fourth line shows a destabilization contri-
bution by a pair of two disjoint rings with a total of 4n 4 2
vertices. Notice the stabilizing pairs of rings of the sizes,
3+45,4+4,5+7,and 6 + 6, among which the stable nonben-
zenoids of 9 and 10 are included. On the other hand, one can
find the unstable systems 7 (=3 + 3) and 8 (=54 5) in the
fourth line. These are the most typical examples of the extend-
ed Hiickel rule.

Similar arguments can be proposed for the fifth and the fol-
lowing lines of the contributions of more than three disjoint
rings. It is important to notice that any number of disjoint hex-
agons always contribute toward stabilization of the system.
Just the opposite trend can be inferred for the hypothetical pol-
ycubic network. Further, controversial discussions on the sta-
bility of novel polycyclic nonbenzenoid hydrocarbons can be
settled by this extended Hiickel rule.

4.5. Topological Factors Governing the Stability of
PCAHs. The global trend of the stability of polycyclic conju-
gated systems was clarified in Eq. 4.25. In the end of discussion
of this problem let us see from where the relative stability be-
tween anthracene, 3, and phenanthrene, 1, introduced in 2.5
comes. As mentioned before the relative stability of PCAHs
can be quite easily and accurately predicted by the Kekulé num-
ber, K(G). The reason why the isomer 1 with a kink structure
has a larger K(G) value can be explained as follows. According
to Clar, the ground state of 1 can be represented as the Clar
structure with a pair of aromatic sextets resonant with each oth-
er as depicted in Table 6.”® Since each aromatic sextet repre-
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sents a pair of Kekulé structures as shown in Chart 4, a pair of
resonant sextets represent at least four Kekulé structures as in
the case with 1. On the other hand, for 3 if a pair of aromatic
sextets are assigned on both the terminal hexagons, a Kekulé
structure is not allowed to be drawn as shown as the incomplete
Kekulé structure in Table 6.

Graph-theoretical analysis of the Clar’s aromatic sextet was
performed by introducing the sextet polynomial.%’98 By the
use of this counting polynomial, one can translate the enumer-
ation of the Kekulé structures and the discussion on the reso-
nance theory into problems of algebra and group theory, and
the chemical logic which has long been used only by chemists
can be interpreted by the terms and formulations of mathemat-
ics.

For analyzing the aromatic character of the component ben-
zene rings in PCAHs, Polansky’s group introduced the benzene
character using the HMO coefficients.''® For enumerating
the number of Kekulé structures of PCAHs a number of inter-
esting papers and monographs have been published.log’115
Based on these studies the following fact has been approved
as a well-established theorem:

[Theorem 7] Introduction of a kink in a linear polyacene net-
work increases the number of Kekulé structures and stabilizes
the 7T-electron system (A3).

By using the HOMO-LUMO interaction scheme given by
Fukui’s frontier orbital theory it is also easy to explain the sta-
bilizing effect of a kink in a polyacene network.''®

By extending similar arguments of graph-theoretical analysis
one can explain the extra stability of hexagonal branching in the
catacondensed aromatic hydrocarbons as depicted in (A4) of
Fig. 1. Graph-theoretical analysis of the aromaticity of polycy-
clic aromatic hydrocarbons can also be pursued by using the
concept of the conjugated circuit. The readers are advised to
read the extensive review by Randi¢.'"” Now let us go into
the problem of hetero-atom substitution in conjugated systems.

Chart 4.

5. Classical Organic Electron Theory

5.1. Diagrammatic Recipe by Robinson and Ingold.
A) Electron flow from the lone pair to conjugated system

The most famous and simplest example of organic electron
theory is the ortho-para orientation effect in the ionic sub-
stitution reaction of substituted benzenes, such as aniline
and phenol. Dewar,“&119 Fukui,l 16,120,121 \woodward and
Hoffmann,m’123 and others have succeeded in elaborating the
classical organic electron theory up to the stereo-selective reac-
tions of homo-conjugated systems even with the simple HMO
method. However, there has never been given any general
proof of the correctness of the diagrammatic recipe of the 7-
electron movement in conjugated systems proposed more than
three quarters of a century.”’26

As seen in Fig. 14, there are two different modes for subsitut-
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X
-
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Fig. 14. Electron flow diagrams caused by the substitution
of an electron-repelling atom to sites 1 and 2 of butadiene.

ing an electron-donation atom or group, X, such as NH,, OH,
and Cl, to butadiene at the sites 1 and 2. In both cases, X pushes
some portion of an electron from the lone pair toward the 77-
electronic system of the butadiene moiety. This electron flow,
depicted by a curved arrow, repels the pair of 77-electrons in the
adjacent C=C bond onto the carbon atom situated at the remote
end to give a negative charge on it (Look down from the top to
bottom of Fig. 14).

In the case of site-1 substitution the new lone pair electrons
tend to flow into the next double bond to create another lone
pair on the remote carbon atom in that bond, and this process
continues up to the end of the conjugated system. On the other
hand, the electron flow in the site-2 substitution terminates at
site 1. Namely, in these two cases the 7-electron flow from
X to the conjugated system is, respectively, global and local,
as depicted in the boxes of Fig. 14, where the symbols, 5+
and 86—, are supposed to express some indefinite but small frac-
tion of a unit charge. The flow of 7r-electrons in these cases can
be expressed as in the following scheme:

lone pair—(single—double),,. (A)

B) Electron withdrawal by electronegative atom

When a carbon atom in butadiene is substituted by a more
electronegative atom X, such as N and O, some portion of
the r-electrons in the conjugated system is attracted toward
X. There are two possible modes of substitution also in this
case (See Fig. 15). By the movement of -electrons from
the double bond a lone pair is diagrammatically created on
atom X with a unit minus charge. Quite similarly to the former
case, organic electron theory predicts the direction and extent
of the m-electron flow as in the boxes of Fig. 15.

Then the mode of 7r-electron flow can be expressed as in the
following scheme,

hetero atom—double—(single—double),. (B)
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Fig. 15. Electron flow diagrams caused by the substitution
of an electron-withdrawing atom to sites 1 and 2 of buta-
diene.
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Fig. 16. Electron flow diagrams showing different modes in
a cross-conjugated system.

Note that in both cases, (A) and (B), the range of effect is
global and local, respectively, by substitution at sites 1 and 2.
Robinson already pointed out that this “electrometry” effect
is expected to decrease rather rapidly with the distance from
the site of substitution.”>** The rate of damping cannot a priori
be estimated from these diagrams. However, both the direction
and range of effect are in accordance with the experiments.

As seen in these two cases, (A) and (B), the directions of the
mr-electron flow are quite the reverse with each other. However,
the direction is not an important issue in this theory. Namely,
although the sign of the induced charges on C and X atoms is
just the reverse in Figs. 14 and 15, the perturbed sites and range
are the same in both the cases. The important points to be dis-
cussed here are the perturbed sites and range caused by a het-
ero-atom substitution.

C) Acyclic cross conjugation

For a typical example of cross-conjugation in acyclic sys-
tems, see Fig. 16, where the substituted and perturbed sites
are respectively marked with black and white circles. In all
the three cases of substitution of a hetero-atom, the sites and
range of “conjugated electrometry” effects™ 2 are quite easily
predicted according to the recipe of organic electron theory
used in Scheme (B).

5.2. Simplest Explanation with NBMO.?’ By using the
Hiickel NBMO almost the same tendency of -electron flow
in Scheme (A) (Fig. 14) can be obtained. See Fig. 17, where
the wavefunctions of NBMOs'"® of pentadienyl radical and
its isomer are compared with the corresponding diagrams of or-
ganic electron theory. With an extension of any number of eth-
ylene units to the right end of the m-electronic system in
Fig. 17a its NBMO can automatically grow in analogy with

ACCOUNTS

X &+
]
(a) 5 L =
HC—C—C—CH,
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Fig. 17. Correspondence between the electron flow diagram
and NBMO of the corresponding hydrocarbon radical: (a)
global and (b) local.
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Chart 6.

the r-electron flow in Scheme (A) in Fig. 14a. Thus in this case
the diagrammatic method of organic electron theory is shown to
yield the same result as the HMO method, which also does not
give the damping effect.

For the cross conjugated system shown in Fig. 16 the non-
zero coefficients of the NBMOs of the three alkene radicals cor-
responding to the different modes of hetero-atom substitution
appear just at the white circles as shown in Chart 5.

Quite similarly the ortho-para orientation of aniline and
phenol can be explained by the NBMO wavefunction of benzyl
radical as shown in Chart 6. In the cases where more than one
benzene ring are condensed and conjugated, as in naphthalene
derivatives, the parallelism between organic electron theory
and Hiickel NBMO wavefunctions is usually observed. Al-
though in this case some damping tendency can be seen, its rate
is too slow to be compared with experiments.

The NBMO coefficients of a given alternant hydrocarbon
radical can be obtained quite easily with a back-of-envelope
calculation by using the well-known recipe,124 and one can
trace how non-zero coefficients appear only on the starred
atoms. However, this is not a plausible explanation why
NBMO coefficients are non-zero on such and such carbon
atoms. By using graph-theoretical MO theory one can answer
this question.

5.3. Analysis by Perturbed HMO Theory.”’ First, let us
see how the perturbation theory can accurately reproduce the
sr-electron distribution which is obtained by the direct calcula-
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-0.53 +0.33 -0.03 +0.23 +0.37 -0.37 +0.04 -0.04

X—C—C—~C C X C C

-0.63 +0.40 -0.04 +0.27 +0.40 —0.40 +0.04 -0.04
Perturbation T r Ty
Calculation

Eﬂ- =4.47+1.00+0.63/2 Eﬂ- =4.47+1.00+0.40/2 D
=5.78 =5.67

Ex = Eg+q, Soum, , (80t,)?/2
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Fig. 18. Comparison of the charge density of substituted butadienes obtained from the direct and perturbation calculations. 7-Elec-
tron energy E; and Coulomb integral § are in units of &. Due caution is necessary for the sign of 77 in numerical calculation.

tion in which the hetero-atom substitution is explicitly taken in-
to account. In Fig. 18 the results of the perturbation calculation
prescribed by Coulson and Longuet-Higgins are compared with
the results of direct calculation, in which the Coulomb param-
eter on X is chosen as o + . Agreement between the two
methods is fairly good, and both the methods predict that -
electron transfer occurs globally and locally, respectively, by
the hetero-atom substitutions at sites 1 and 2 (See also Fig. 15).

Eq. 4.16 is the integral form of the bond order for bond / in
graph G, but it can be generalized to any pair of atoms r and s
irrespective of forming a bond as in

C L[~
pr,s = _/ FG,rS(y)dy- (51)
TJ -
Similarly the integral form for the atom—atom polarizability
7T, can be given as

1
Trs = — —
s

/ (Fanm)dy. (5.2)

It is remarkable that the same function Fg,(y) is responsible
for both plC and 7,;. Since Fg,(y) is defined in a complex
plane, the value of 77, can be positive and negative. Further,
because of the square form of the integrand almost all the pairs
of atoms give non-zero values for 77, contrary to the case of
pS. Therefore the integration of F2 in Eq. 5.2 is not so simple
as that of Eq. 5.1. However, one can perform detailed analysis
for this integration and obtain the following results:

[Theorem 8]

i) The value of m,, is always positive and is the largest
among the set of 77, .

ii) The 7, is positive for the pair of atoms belonging to the
same group (starred or unstarred), and negative other-
wise.

iii) Positive 77, rapidly decreases with the distance between
rand s.

iv) The absolute value of negative 7, slowly decreases
along the path rs determined by Scheme (B), or a large
but negative 7, is expected for rs with non-zero
K(G o rs).

v) The relative magnitudes of 7, ; in each group can be pre-

dicted from the value of Zgg,s.

Due caution is necessary for discussing the sign of the polar-
izabilities as given in detail in Ref. 27. Among the above five
rules iv) is the most important. Namely, a fair amount of 7-
electrons in the conjugated hydrocarbon can flow along a path
rs composed of alternately arranged double and single bonds, as
in Scheme (B), so that the integral 5.2 becomes large. On the
other hand, the working hypothesis used in the organic electron
theory was found to be paraphrased to finding the route as in
Scheme (B), which is now given a strong mathematical founda-
tion.

Actually, in the case of cross-conjugation (Fig. 16), all the
directions and regions of the electron flow caused by the het-
ero-atom substitution can be explained rather quantitatively
in terms of the values of the Z index and Kekulé numbers
through the characteristic polynomial for the relevant graph
G © rs. Then Rule B2 could be explained by the graph-theoret-
ical MO method.

For cyclic conjugated hydrocarbons, similar discussions can
be followed and the conclusion obtained for acyclic systems
can be applied to the general T-conjugated systems.

Recently the author extended this theory to exceedingly
large PCAH networks with tens and hundreds of benzene rings,
and found abnormal “tunneling electron transfer”.'* Namely
if a single hetero-atom is substituted at one of the terminal car-
bon atoms of a large parallelogram-shaped PCAH, the interior
sr-electrons are unaffected and only those on the peripheral car-
bon atoms are perturbed. A big tide of electron waves comes
from the opposite but not from the farthest end of the
network. This phenomenon is not expected either from the
classical organic electron theory or from the modern common
understanding based on quantum chemistry. However, the
cause of this interesting behavior could be explained by the
same argument of the graph-theoretical MO method described
here. The essence of this anomaly, though observed only in hy-
pothetical systems, lies in intrinsic instability of parallelogram-
shaped PCAH networks as shown in Chart 7.

Works along this line are in progress in the author’s group.
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Chart 7.
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